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TORIC INTEGRABLE METRICS ON TORI ARE FLAT
EUGENE LERMAN AND NADYA SHIROKOVA
Abstract. By studying completely integrable torus actions on contact manifolds we prove
a conjecture of Toth and Zelditch that toric integrable geodesic flows on tori must have flat
metrics.
1. Introduction
In a recent paper Toth and Zelditch studied the relation between the dynamics of the ge-
odesic flow on a compact Riemannian manifold (Q, g) and the growth rate of L∞ norms of
L2-normalized eigenfunctions of the Laplace operator ∆g [TZ]. They showed that if the square
root of the Laplace operator
√
∆g is “quantum completely integrable” and has uniformly
bounded eigenfunctions then the metric g is flat, and hence by the Bieberbach theorems Q
is finitely covered by a torus. The proof is particularly transparent when the geodesic flow is
toric integrable. The latter means that there is an effective action of a torus Tn, n = dimQ,
on the punctured cotangent bundle T ∗QrQ of Q which
1. commutes with dilations ρt : T
∗QrQ→ T ∗QrQ, ρ(q, p) = (q, etp),
2. preserves the standard symplectic form on T ∗Q and
3. preserves the energy function h(q, p) = g∗q (p, p), where g
∗ denotes the metric on T ∗Q dual
to g. (The Hamiltonian flow of h is the geodesic flow.)
Note that any symplectic group action on the punctured cotangent bundle which commutes
with dilations preserves the Liouville 1-form and is, therefore, Hamiltonian. Consequently if
a metric on a manifold Q is toric integrable, the pull-back metric on a finite cover of Q is
toric integrable as well. One is therefore lead to wonder if in the case of tori the boundedness
of eigenfunctions is necessary for the flatness of the metric or if toric integrability by itself is
enough. The main goal of this paper is to prove that, as conjectured by Toth and Zelditch in
[TZ], toric integrable metrics on tori are flat:
Theorem 1. Suppose that g is a toric integrable metric on a torus Tn := Rn/Zn. Then g is
flat.
The term “toric integrable” is apparently due to Toth and Zelditch (but the objects involved
have been studied since the late 70’s, e.g. by Colin de Verdie`re, Duistermaat and Guillemin).
It describes a class of completely integrable systems more general than the systems with global
action-angle variables. On the other hand toric integrable systems are much more manageable
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than arbitrary completely integrable systems, and one can use the tools of symplectic and
contact geometry to investigate them.
Recall that a symplectic cone is a symplectic manifold (M,ω) with a free proper action ρt of
the real line which expands the symplectic form exponentially: ρt
∗ω = etω. For example the
punctured cotangent bundle T ∗QrQ with the standard symplectic form is a symplectic cone:
the real line acts by dilations ρt(q, p) = (q, e
tp) for all q ∈ Q, p ∈ T ∗qQ. Given a symplectic
cone (M,ω, ρt), a function h ∈ C
∞(M) is toric integrable if there is an effective action of
a torus G with dimG = 1
2
dimM which preserves the symplectic form ω and the function h
and commutes with dilations ρt. Any action of a torus G on a a symplectic cone (M,ω, ρt)
that commutes with dilations preserves a 1-form α with dα = ω and hence is Hamiltonian.
Thus toric integrability of a function h on a symplectic cone M amounts to the existence of
n = 1
2
dimM functions f1, . . . , fn which are homogeneous with respect to dilations, Poisson
commute with each other and with h and whose Hamiltonian flows are all 2π-periodic.
Recall that if {f1, . . . , fn} is a completely integrable system on a symplectic manifold (M,ω)
and if the fibers of the map f = (f1, . . . fn) : M → R
n are compact, then, by Arnold-Liouville
theorem, in a neighborhood of every point of M the Hamiltonian vector fields of the functions
f1, . . . fn generate a Hamiltonian action of the n-torus T
n [A]. According to Duistermaat
there are obstructions to these “local” Tn actions to patch up to an action of Tn on M —
the monodromy of the period lattice [Du, GS]. Strictly speaking Duistermaat only considered
patching together free torus actions, but essentially the same argument works in general [BoM].
If these “local” Tn actions patch to a global Tn action, there is a further obstruction to the
existence of global action-angle variables: the “Chern class of the fibration f :M → Rn.” (The
expression is in quotation marks because if the torus action is not free then f is not a fibration.
None the less one can still speak of the “Chern class” of f [BoM].) The second obstruction is
easily seen to be nontrivial — there are completely integrable systems with global torus actions
but no global action-angle variables. See, for example, [Bt]. Thus toric integrability is weaker
than the existence of global homogeneous action variables.
Toric integrable systems have not been studied systematicly. We will see in this paper that a
good way to understand them is through the study contact toric manifolds. It appears that toric
integrability is rare. It would be interesting to classify all compact manifolds admitting toric
integrable geodesic flows. In particular it would be interesting to find out if there are manifolds
other that S2 and tori that admit such flows. (Toric integrable metrics on S2 other than the
round one were described by Colin de Verdie`re [CdV].) This will be addressed elsewhere. See
[L1] for a first step in that direction.
Acknowledgments. We thank Steve Zelditch for suggesting the problem and the referee for
a number of comments.
A note on notation. Throughout the paper the Lie algebra of a Lie group denoted by a
capital Roman letter will be denoted by the same small letter in the fraktur font: thus g
denotes the Lie algebra of a Lie group G etc. The identity element of a Lie group is denoted
by 1. The natural pairing between g and g∗ will be denoted by 〈·, ·〉.
When a Lie group G acts on a manifold M we denote the action by an element g ∈ G on
a point x ∈ M by g · x; G · x denotes the G-orbit of x and so on. The vector field induced
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on M by an element X of the Lie algebra g of G is denoted by XM . The isotropy group of a
point x ∈M is denoted by Gx; the Lie algebra of Gx is denoted by gx and is referred to as the
isotropy Lie algebra of x. We recall that gx = {X ∈ g | XM (x) = 0}.
If P is a principal G-bundle then [p,m] denotes the point in the associated bundle P×GM =
(P ×M)/G which is the orbit of (p,m) ∈ P ×M .
2. From toric integrability to contact toric manifolds
We now start the proof of Theorem 1. As the first step, following Toth and Zelditch, let us
reduce the proof of Theorem 1 to a statement about actions of tori on their punctured cotangent
bundles. To wit, suppose we know that any action of an n-torus G on M = T ∗TnrTn which is
symplectic and commutes with the action of R+, is actually a free action. Then, as indicated
in [TZ] we can apply a theorem of Man˜e
Theorem 2 (Man˜e, [M]). Let (Q, g) be a Riemannian manifold with a geodesic flow φt : T
∗Qr
Q→ T ∗QrQ. Suppose the flow φt preserves the leaves of a non-singular Lagrangian foliation
of T ∗QrQ. Then (Q, g) has no conjugate points.
to conclude that the toric integrable metric on Tn has no conjugate points. Finally, following
[TZ] again, and applying
Theorem 3 (Burago-Ivanov, [BI]). A metric on a torus Tn with no conjugate points is flat.
we can conclude that a toric-integrable metric is flat. To summarize, in order to prove Theo-
rem 1 it is enough to show
Proposition 2.1. Suppose that an n torus G acts effectively and symplecticly on the punctured
cotangent bundle T ∗TnrTn, and suppose that the action commutes with the action of R. Then
the action of G is free.
Clearly the lift of the left multiplication on Tn to the cotangent bundle T ∗Tn satisfies both
the hypotheses of the proposition and the conclusion. The crux is to show that an arbitrary
action of G ≃ Tn satisfying the hypotheses has to be free.
Under the hypotheses of the proposition, the action of G descends to an action on the co-
sphere bundle M := (T ∗Tn r Tn)/R. Moreover this induced action G preserves the natural
contact structure ξ on M (we’ll discuss contact structures in more detail in the next section).
Consequently the proof of Theorem 1 reduces to
Theorem 4. Suppose that an n torus G acts effectively on the co-sphere bundle M := S(T ∗Tn)
of the standard n-torus Tn preserving the standard contact structure on M . Then the action
of G is free.
Our strategy is to study completely integrable torus actions on arbitrary (compact connected
co-oriented) contact manifolds and to show that if an action is not free then the underlying
manifold cannot be the product of a torus and a sphere of the appropriate dimensions.
3. Group actions on contact manifolds
Recall that a co-oriented contact manifold is a pair (M, ξ) where ξ ⊂ TM is a distribution
globally given as the kernel of a 1-form α such that dα|ξ is nondegenerate. Such a 1-form
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α is called a contact form and the distribution ξ is called a contact structure. A co-sphere
bundle S(T ∗N) of a manifold N (defined with respect to some metric) is a natural example of
a contact manifold: the contact form is the restriction of the Liouville 1-form to the co-sphere
bundle.
The condition that a distribution ξ ⊂ TM is contact is equivalent to: the punctured line
bundle ξ◦rM is a symplectic submanifold of the punctured cotangent bundle T ∗MrM , where
ξ◦ denotes the annihilator of ξ in T ∗M . Note that if ξ = kerα then the 1-form α is a nowhere
zero section of the line bundle ξ◦ → M . (Conversely any nowhere vanishing section of ξ◦ is a
contact form.) Thus if ξ = kerα then ξ◦rM has two components. If a compact connected Lie
group G acts on M and preserves the contact distribution ξ, then the action of G on ξ◦ maps
the components of ξ◦rM into themselves. Hence given a contact 1-form α with ξ = kerα, we
can average it over G and obtain a G-invariant contact form α¯ with ξ = ker α¯. Note that each
component of ξ◦ rM is the symplectization of (M, ξ).
Definition 3.1. An action of a torus G on a contact manifold (M, ξ) is completely inte-
grable if it is effective, preserves the contact structure ξ and if 2 dimG = dimM + 1.
A contact toric G-manifold is a co-oriented contact manifold with a completely integrable
action of a torus G.
Note that if an action of a torus G on (M, ξ) is completely integrable, then the action of G
on a component ξ◦+ of ξ
◦ rM is a completely integrable Hamiltonian action and thus ξ◦+ is
a symplectic toric manifold (for more information on symplectic toric manifolds and orbifolds
see [D] and [LT]).
Completely integrable torus actions on co-oriented contact manifolds and contact toric man-
ifolds have been studied by Banyaga and Molino [BM1, BM2, B] and by Boyer and Galicki
[BG]. To state their results it would be convenient to first digress on the subject of moment
maps for group actions on contact manifolds.
If a Lie group G acts on a manifold M preserving a contact form α, the corresponding
α-moment map Ψα :M → g
∗ is defined by
〈Ψα(x),X〉 = αx(XM (x))(3.1)
for all x ∈ M and all X ∈ g, where XM denotes the vector field corresponding to X induced
by the infinitesimal action of the Lie algebra g of the group G: XM (x) =
d
dt
|t=0(exp tX) · x.
Note that if f is a G-invariant nowhere zero function, then α′ = fα is also a G-invariant
contact form defining the same contact structure. Clearly the corresponding moment map
Ψα′ satisfies Ψα′ = fΨα. Thus the definition of a contact moment map above is somewhat
problematic: it depends on a choice of an invariant contact form rather then solely on the
contact structure and the action. Fortunately there is also a notion of a contact moment map
that doesn’t have this problem. Namely, suppose again that a Lie group G acts on a manifold
M preserving a contact structure ξ (and its co-orientation). The lift of the action of G to the
cotangent bundle then preserves a component ξ◦+ of ξ
◦ rM . The restriction Ψ = Φ|ξ◦
+
of the
moment map Φ for the action of G on T ∗M to depends only on the action of the group and
on the contact structure. Moreover, since Φ : T ∗M → g∗ is given by the formula
〈Φ(q, p),X〉 = 〈p,XM (q)〉
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for all q ∈M , p ∈ T ∗qM and X ∈ g, we see that if α is any invariant contact form with kerα = ξ
then 〈α∗Ψ(q, p),X〉 = 〈α∗Φ(q, p),X〉 = 〈αq,XM (q)〉 = 〈Ψα(q),X〉. Here we think of α as a
section of ξ◦+ →M . Thus Ψ ◦ α = Ψα, that is, Ψ = Φ|ξ◦ is a “universal” moment map.
There is another reason why the universal moment map Ψ : ξ◦+ → g
∗ is a more natural notion
of the moment map than the one given by (3.1). The vector fields induced by the action of G
preserving a contact distribution ξ are contact. The space of contact vector fields is isomorphic
to the space of sections of the bundle TM/ξ → M . Thus a contact group action gives rise to
a linear map
g → Γ(TM/ξ), X 7→ XM mod ξ.(3.2)
The moment map should be the transpose of the map (3.2). The total space of the bundle
(TM/ξ)∗ naturally maps into the space dual to the space of sections Γ(TM/ξ):
(TM/ξ)∗ ∋ η 7→ (s 7→ 〈η, s(π(η))〉) ,
where π : (TM/ξ)∗ → M is the projection and 〈·, ·〉 is the paring between the corresponding
fibers of (TM/ξ)∗ and TM/ξ. In other words, the transpose Ψ : (TM/ξ)∗ → g∗ of (3.2) should
be given by
〈Ψ(η),X〉 = 〈η,XM (π(η)) mod ξ〉(3.3)
Under the identification ξ◦ ≃ (TM/ξ)∗, the equation above becomes
〈Ψ(q, p),X〉 = 〈p,XM (q)〉
for all q ∈M , p ∈ ξ◦q and X ∈ g, which is the definition of Ψ given earlier as the restriction to
ξ◦+ of the moment map for the lifted action of G on the cotangent bundle T
∗M .
Thus part of the above discussion can be summarized as
Proposition 3.2. Let (M, ξ) be a co-oriented contact manifold with an action of a Lie group
G preserving the contact distribution and its co-orientation. Suppose there exists an invariant
1-form α with kerα = ξ. Then the moment map Ψα for the action of G on (M,α) and the
moment map Ψ for the action of G on the symplectization ξ◦+ are related by
Ψ ◦ α = Ψα.
Here ξ◦+ is the component of ξ
◦ r 0 containing the image of α :M → ξ◦.
Remark 3.3. We will refer to Ψ : ξ◦+ → g
∗ as the moment map for the action of a Lie group G
on a co-oriented contact manifold (M, ξ = kerα). It is easy to show that Ψ is G-equivariant
with respect to the given action of G on M and the coadjoint action of G on g∗. Hence for any
invariant contact form α the corresponding moment map Ψα :M → g
∗ is also G-equivariant.
Definition 3.4. Let (M, ξ = kerα) be a co-oriented contact manifold with an action of a Lie
group G preserving the contact distribution and its co-orientation. Let Ψ : ξ◦+ → g
∗ denote
the corresponding moment map. We define the moment cone C(Ψ) to be the image of a
connected component ξ◦+ of ξ
◦ rM plus the origin:
C(Ψ) := Ψ(ξ◦+) ∪ {0}.
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Remark that
C(Ψ) = R+Ψα(M) ∪ {0}
where Ψα :M → g
∗ is the α-moment map.
Note that the moment cone does not depend on the choice of a contact form; it is a true
invariant of the co-oriented contact structure and the group action.
Remark 3.5. An action of a Lie group G on a manifold M preserving a contact form α is
completely encoded in the moment map Ψα :M → g
∗. Therefore it will be convenient for us to
think of a contact toric G-manifold as an equivalence class of triples (M,α,Ψα : M → g
∗)
where the Ψα is the moment map for a completely integrable action of a torus G on a contact
manifold (M,α), or, somewhat more sloppily, as a triple (M,α,Ψα :M → g
∗).
4. Proof of Theorem 4
Banyaga and Molino made the first step towards classifying compact connected contact toric
manifolds in [BM1]. A revised version of this paper circulated as the preprint [BM2]. The main
classification result of [BM2] is cited in [B] roughly as follows:
Theorem 4.1. Let (M,α,Ψα :M → g
∗) be a compact connected contact toric G-manifold.
Suppose the action of G on M is free. Then the orbit space M/G is diffeomorphic to a
sphere. If additionally dimG > 2 then the map Ψ¯α : M/G → g
∗ induced by the moment map
Ψα is an embedding. If furthermore dimG > 3, then M is the co-sphere bundle of G, i.e.,
M = S(T ∗G).
Suppose the action of G on M is not free and suppose dimG > 2. Then the moment cone
C(Ψ) is a convex polyhedral cone and the map Ψ¯α :M/G→ g
∗ induced by the moment map is
an embedding. Moreover the cone C(Ψ) determines the contact toric manifold.
Remark 4.2. It is easy to construct examples of a completely integrable action of a 2-torus on
a contact 3-torus for which the fibers of the corresponding moment map are not connected: let
M = T3 with coordinates θ1, θ2 and t, let α = cos 2t dθ1+sin 2t dθ2 be the contact form, and let
T2 act by (µ, ν) · (θ1, θ2, t) = (θ1+µ, θ2+ν, t). Also there are examples of completely integrable
2-torus actions on overtwisted lens spaces for which the corresponding moment cones are not
convex. See [L2].
Contact toric manifolds have also been studied by Boyer and Galicki [BG]. The following
result is implicit in their paper:
Theorem 4.3. Let (M,α,Ψα : M → g
∗) be a compact connected contact toric G-manifold.
Suppose there exits a vector X ∈ g such that the component of the moment map 〈Ψα,X〉 is
strictly positive on M . Then M is a Seifert bundle over a (compact) symplectic toric orbifold.
We remind the reader that a symplectic toric orbifold is a symplectic orbifold with a com-
pletely integrable Hamiltonian torus action. Compact connected symplectic toric orbifolds were
classified in [LT].
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Proof of Theorem 4.3. Since M is compact, the image Ψα(M) is compact. Therefore the set
of vectors X ′ ∈ g, such that the function 〈Ψα,X
′〉 is strictly positive on M , is open. Hence
we may assume that X lies in the integral lattice ZG := ker(exp : g → G) of the torus G. Let
H = {exp tX | t ∈ R} be the corresponding circle subgroup of G.
Let f(x) = 1/(〈Ψα(x),X〉) and let α
′ = fα. The form α′ is another G-invariant contact
form with kerα′ = ξ. The moment map Ψα′ defined by α
′ satisfies Ψα′ = fΨα. Therefore
〈Ψα′(x),X〉 = 1 for all x ∈M .
Since the function 〈Ψα,X〉 is nowhere zero, the action ofH onM is locally free. Consequently
the induced action of H on the symplectization (N,ω) = (M × R, d(etα′)) is locally free as
well. Hence any a ∈ R is a regular value of the X-component 〈Φ,X〉 of the moment map Φ for
the action of G on the symplectization (N,ω). Note that Φ(x, t) = −etΨα′(x). Now M × {0}
is the −1 level set of 〈Φ,X〉. Therefore B := (〈Φ,X〉)−1(−1)/H ≃ M/H is a (compact
connected) symplectic orbifold with an effective Hamiltonian action of G/H. The orbit map
π :M ≃ (〈Φ,X〉)−1(−1)→ B makesM into a Seifert bundle over B. A dimension count shows
that the action of G/H on B is completely integrable.
Remark 4.4. It is easy to see that the moment cone for the action of G on M is the cone on
the moment polytope of B. In particular it is a proper polyhedral cone, that is, it contains no
linear subspaces.
Corollary 4.5. Let (M,α,Ψα : M → g
∗) be a (compact connected) contact toric manifold.
Suppose there exits a vector X ∈ g such that the component of the moment map 〈Ψα,X〉 is
strictly positive on M . Then dimQH
1(M,Q) ≤ 1.
Proof. By Theorem 4.3 the manifoldM is a Seifert bundle over a compact connected symplectic
toric orbifold B. A generic component of the moment map on B is a Morse function with all
indices even. The Morse inequalities hold rationally for Morse functions on orbifolds (see [LT]).
Therefore the first cohomology H1(B,Q) is zero.
Next we apply the Gysin sequence to the map π : M → B. Since the Gysin sequence
comes from the collapse of the Leray-Serre spectral sequence for π and since rationally the
”fibration” π is a circle bundle, the Gysin sequence does exist. We have 0 → H1(B,Q) →
H1(M,Q)
pi∗→ H0(B,Q)→ H2(B,Q)→ · · · . Since H0(B,Q) = Q and since H1(B,Q) = 0, the
result follows.
We conclude immediately
Corollary 4.6. If M is a contact toric manifold satisfying the hypotheses of the Theorem 4.3,
then M is not the co-sphere bundle of a torus.
Combining Corollary 4.6 with Theorem 4.1 we see that if an n-dimensional torus G (n > 2)
acts on the co-sphere bundle M = S(T ∗Tn) preserving a contact form α and if the action is
not free, then the corresponding moment cone C(Ψ) contains a linear subspace P of positive
dimension.
Proposition 4.7. Suppose (M,α,Ψα : M → g
∗) is a compact connected contact toric G-
manifold of dimension 2n − 1 > 3, the action of G on M is not free and the moment cone
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C(Ψ) contains a linear subspace P of dimension k, 0 < k < n. Then dimH1(M,Q) = k 6= n =
dimH1(S(T ∗Tn),Q).
Proof. By Theorem 4.1 the fibers of the contact moment map Ψα are connected. Let Φ :
M × R → g∗ denote the symplectic moment map for the Hamiltonian action of G on the
symplectization (M×R, d(etα)) of (M,α). It is given by Φ(m, t) = −etΨα(m). Thus Φ(M×R)∪
{0} = −C(Ψ) and the fibers of Φ are connected. The triple (M ×R, d(etα),Φ) is a symplectic
toric manifold. Since the image of Φ is contractible and since the fibers of Φ are connected,
it follows from a result of Lerman, Tolman and Woodward (Lemma 7.2 and Proposition 7.3
in [LT]), that the image of Φ determines the symplectic toric manifold (M × R, d(etα),Φ)
uniquely.1 In particular the image determines the first cohomology group of M .
A standard argument for Hamiltonian G-spaces implies that the subspace P is the annihilator
of the Lie algebra h of a subtorus H of G. Since H is a subtorus, the exact sequence
1→ H → G→ G/H → 1
splits. Let K ≃ G/H be a subtorus in G complementary to H and let g∗ = h∗ × k∗ be the
corresponding splitting of the duals of the Lie algebras. Then P ≃ k∗ and C(Ψα) = P ×W
where W ⊂ h∗ is a proper cone. It follows from a theorem of Delzant [D] that the exists
a basis w1, w2, . . . , wl of weight lattice of the torus H so that the edges of the cone W are
of the form R+wi. In particular the representation of H on C
l defined by the infinitesimal
characters w1, . . . , wl has the property that the image of the corresponding moment map is
W . Consequently we can realize Φ(M × R) as the image of the moment map for the product
action of K ×H on K ×
(
k∗ × Cl r (0, 0)
)
⊂ T ∗K × Cl. Therefore M × R is G-equivariantly
symplectomorphic to K ×
(
k∗ × Cl r (0, 0)
)
, which is homotopy equivalent to K × Sk+2l−1 =
(S1)k × Sk+2l−1. Since 0 < k < n and since l = n − k > 0, k = dimH1((S1)k × Sk+2l−1) =
dimH1(M).
It remains to consider the case where (M,α,Ψα : M → g
∗) is a contact toric manifold of
dimension 3 and the action of the 2-torus G is not free.
Proposition 4.8. Suppose (M,α,Ψα : M → g
∗) is a compact connected contact toric G-
manifold of dimension 3 and suppose the action of the 2-torus G is not free. Then M is a lens
space and hence cannot be the co-sphere bundle of a 2-torus.
Remark 4.9. We consider the 3-manifold S1 × S2 a lens space.
Proof of Proposition 4.8. As we remarked earlier the symplectization (M×R, d(etα),Φ(m, t) =
−etΨα(m)) is a symplectic toric manifold. Delzant [D] showed that for symplectic toric mani-
folds all the isotropy groups are connected and all fixed points are isolated. If a point x ∈M is
fixed by the action of G then the line {x}×R is fixed by the action of G on M ×R. Therefore
the action of G on a contact toric G-manifold has no fixed points (one can also give a direct
proof of this fact).
Next we use the fact that dimM = 3 and dimG = 2. By the above observations the isotropy
groups for the action of G on M are either trivial or circles. If the isotropy group of x ∈ M
1In proving the result Lerman, Tolman and Woodward rediscovered the ideas of Boucetta and Molino [BoM]
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is trivial, then a neighborhood of the orbit G · x in M is G-equivariantly diffeomorphic to
G × (−ǫ, ǫ) for some small epsilon. If the isotropy group of a point x ∈ M is a circle H < G,
then a neighborhood of the orbit G · x in M is G-equivariantly diffeomorphic to G ×H D
2 for
a small disk D2 = {z ∈ C | |z| < ǫ}. Moreover the action of H on D2 must be effective; hence
we may identify H with S1 in such a way that the action of H on D2 is given by λ · z = λz.
We conclude that locally M/G is homeomorphic to either (−ǫ, ǫ) or to D2/S1 ≃ [0, ǫ). Thus
if the action of G on M is not free, then M/G is a one-dimensional manifold with boundary.
Since M is compact and connected, M/G has to be an interval. Therefore, by a theorem of
Haefliger and Salem (Proposition 4.2 in [HS]), M as a G-space is uniquely determined by the
isotropy representations at the points in M above the endpoints of the interval M/G. It is easy
to see that in this case M is diffeomorphic to two solid tori glued along their boundaries. We
conclude that if M is a three dimensional compact connected contact toric manifold and if the
action of a 2-torus G is not free, then M is a lens space. In particular M is not diffeomorphic
to T3 = S(T ∗T2).
This finishes the proof of the main result, Theorem 4 and consequently the proof of Theo-
rem 1.
References
[A] V. I. Arnold, Mathematical methods of classical mechanics, Springer-Verlag, New York, 1989.
xvi+508 pp.
[B] A. Banyaga, The geometry surrounding the Arnold-Liouville theorem in Advances in geometry,
edited by Jean-Luc Brylinski, Ranee Brylinski, Victor Nistor, Boris Tsygan and Ping Xu. Progress
in Mathematics, 172. Birkha¨user Boston, Inc., Boston, MA, 1999. xii+399 pp. ISBN 0-8176-4044-4
[BM1] A. Banyaga and P. Molino, Ge´ome´trie des formes de contact comple`tement inte´grables de type
toriques. Se´minaire Gaston Darboux de Ge´ome´trie et Topologie Diffe´rentielle, 1991–1992 (Montpel-
lier), 1–25, Univ. Montpellier II, Montpellier, 1993.
[BM2] A. Banyaga and P. Molino, Complete integrability in contact geometry, Penn State preprint PM
197, 1996.
[BoM] M. Boucetta and P. Molino, Ge´ome´trie globale des syste`mes hamiltoniens comple`tement inte´grables:
fibrations lagrangiennes singulires et coordonne´es action-angle a` singularite´s, C. R. Acad. Sci. Paris
Se´r. I Math. 308 (1989), 913–916.
[Bt] L. Bates, Examples for obstructions to action-angle coordinates, Proc. Roy. Soc. Edinburgh Sect. A
110 (1988), no. 1-2, 27–30.
[BG] C. P. Boyer and K. Galicki, A note on toric contact geometry, J. Geom. Phys. 35 (2000) 288–298;
math.DG/9907043v2.
[BI] D. Burago and S. Ivanov, Riemannian tori without conjugate points are flat, GAFA, 4:3 (1994),
259–269.
[CdV] Y. Colin de Verdie`re, Spectre conjoint d’ope´rateurs pseudo-diffe´rentiels qui commutent. II. Le cas
inte´grable`, Math. Z. 171 (1980), no. 1, 51–73.
[D] T. Delzant, Hamiltoniens priodiques et images convexes de l’application moment, Bull. Soc. Math.
France 116 (1988), no. 3, 315–339.
[Du] J. J. Duistermaat, On global action-angle coordinates, Comm. Pure Appl. Math. 33 (1980), no. 6,
687–706.
[Ge] H. Geiges, Constructions of contact manifolds, Math. Proc. Cambridge Philos. Soc. 121 (1997), no.
3, 455–464.
[GS] V. Guillemin and S. Sternberg, Symplectic techniques in physics, Cambridge University Press,
Cambridge–New York, 1984. xi+468 pp. ISBN: 0-521-24866-3
10 EUGENE LERMAN AND NADYA SHIROKOVA
[HS] A. Haefliger and E. Salem, Action of tori on orbifolds, Ann. Global Anal. Geom. 9 (1991), 37–59.
[L1] E. Lerman, Contact toric manifolds, http://www.arXiv.org/abs/math.SG/0107201.
[L2] E. Lerman, Contact cuts, Israel J. Math, 124 (2001), 77–92.
See http://www.arXiv.org/abs/math.SG/0002041.
[LT] E. Lerman and S. Tolman, Symplectic toric orbifolds, Trans. A.M.S. 349 (1997), 4201–4230.
[M] R. Man˜e, On a theorem of Klingenberg, in Dynamical systems and bifurcation theory, 319–345,
Pitman Res. Notes Math. Ser., 160, Longman Sci. Tech., Harlow, 1987.
[TZ] J. Toth and S. Zelditch, Riemannian manifolds with uniformly bounded eigenfunctions, Duke Math
Journal, to appear. See http://xxx.lanl.gov/abs/math-ph/0002038.
Department of Mathematics, University of Illinois, Urbana, IL 61801
E-mail address: lerman@math.uiuc.edu
E-mail address: nadya@math.uiuc.edu
